The basic mathematical phenomena relevant to ocular damage caused by ultrashort laser pulses are discussed with the use of mathematical results and numerical modeling. The primary effects of nonlinear self-focusing and beam collapse are examined in the ocular safety context. Finite-time material response and group-velocity dispersion are discussed as possible mitigating factors. An argument is presented that indicates that the initial stages of beam collapse are essentially two-dimensional. Experiments are suggested that might help distinguish the most important contributing factors in the damage regime. The numerical methodology is detailed in an appendix.
INTRODUCTION
Attention has been focused recently on laser damage in the human eye. In particular, it is important to develop minimal safety standards for damaging exposures. ' These data have been experimentally determined by a number of researchers for long pulses (of duration greater than 10-10 ).2-4 A plot of minimally damaging pulse energies versus pulse duration 5 6 reveals two regimes, as depicted in Fig. 1: (1) A heat diffusion, or dissipation, regime, where the pulse's energy is delivered over a time longer than the characteristic time for diffusion of heat in the retina. Here the critical damaging energy seems to increase linearly on a logarithmic scale with pulse duration.
(2) An adiabatic regime, where pulse energy is delivered much more rapidly than the characteristic time for heat diffusion. Here damaging pulse energy seems independent of pulse duration, down to the limit of nanosecond pulses.
When this study was performed, it was complete down to the minimum pulse duration available in industrial lasers. Recently, however, more-advanced pulse compression techniques have produced pulses of femtosecond (10-l' 5 -s) duration (see Agrawal 7 and references therein). These pulses, while having the same total energy, also have a much higher peak intensity. In this ultrashort-pulse regime experimental evidence 3 ' shows that minimal damage thresholds in terms of pulse energy are as much as two decades lower than they are in the adiabatic regime. It seems likely that high peak intensities, rather than high energies, cause anomalous damage in very short pulses (where the peak intensity may reach _1013 W/cm 2 ). One possible explanation that depends on peak intensity as opposed to pulse energy is nonlinear focusing perpendicular to the beam. In the experiments of Birngruber et al. 3 a single pulse of known energy E, -106 J and wavelength 640 nm (wave number P3o -10 7 /m) is focused from a width of 5 10-3 m to a width of 8 10-5 m. This beam is then passed through a living eye for a distance of approximately 2 cm. As we will show in Section 2, 2 cm is a more-than-sufficient distance for the beam to focus to a diffraction-limited spot -m diameter), and collapse would reduce beam area by a factor of -100. This process would consequently raise the incident intensity and the potential damage in proportion. The existing theory of collapse and nonlinear waves permits us to predict combinations of E, and pulse duration T,, for which collapse occurs.
An important part of this prediction concerns movement from the pulse energy, which is known experimentally, to the peak value of the electric field of the wave. For the sake of convenience and illustration we assume that the pulse initially has the form E(z, r) = Eo sech( )sin(Q3oz)exp(-+2) (1) The known pulse energy E, can be written as
For the 80-fs-duration pulse of Birngruber et al., 3 the relation 1/cT -105 << 10 -o holds, so the pulse envelope varies little in one period of the carrier wave. Hence E = 1/sCe 0 w 2 Eo 2 . (2) In Section 2 we derive a nonlinear Schrodinger (NLS) equation for the beam propagation, using the paraxial approximation (no dispersion in the direction of propaga-Pulse Energy (Joules) tion) and an envelope approximation, as in Refs. 9-12. From this derivation it is possible to predict both the critical energy levels for which two-dimensional (2-D) collapse occurs and the distance over which it occurs.3,4 However, the straightforward 2-D collapse is probably not completely realistic because the characteristic duration of ultrashort pulses is of the order of characteristic material response times. Accordingly, in Section 3 we will present a generalization of the NLS equation that includes Debye material response and discuss the influence of material response on 2-D collapse. 5 -9 In particular, the material response encourages filamentation of the incident pulse, which increases the pulse's damage potential.
The paraxial approximation used in the derivation of the NLS equation does not include any linear dispersive terms, but there is no doubt that group-velocity dispersion exists in ocular systems (although it may be 1 order of magnitude smaller than the other terms in the paraxial approximation). However, even 2-D collapse will cause extremely sharp gradients in the direction of propagation, and thus at some point dispersion can become important. In Section 4 we will discuss the relationship between the sign of the dispersion and whether stable, three-dimensional (3-D) collapse occurs. If the dispersion is normal and smaller than the other terms in the paraxial approximation, we will show that it cannot become important until well into collapse, and hence collapse remains essentially two dimensional. In the event that 3-D collapse occurs, it could result in the largest possible damage levels, caused by the so-called burning spots of Kosmatov et al. In
Section 5 we will discuss numerical and physical experiments that can differentiate among the different types of collapse and determine which may be responsible for anomalous ocular damage. A longer-term goal of our study is to include realistic linear and nonlinear dispersive and absorptive mechanisms in order to assess various collapse mechanisms in more realistic settings.
Our working models relevant to these studies will be Eqs. (Al) and (A2) and variants thereof in Appendix A.
Appendix A documents the numerical model used to explore the nonlinear evolution of ultrashort pulses in ocular media.
TWO-DIMENSIONAL.COLLAPSE AND THE NONLINEAR SCHRODINGER EQUATION
where E is the electric field in the direction of propagation, z. This expression gives transformed Maxwell's equations","l2:
In the slowly varying ansatz, changes in frequency and wave number are equivalent to slow changes in the envelope of the wave:
where and w 0 are chosen so that the constant A satisfies respectively, to produce the generic form of the NLS equation,
A generalized version of Eq. (6) for axisymmetric beams is BT= iVr 2 B + iBIBIS.
To move from Eq. (6) and Eq. (7), we make the substitution
where r is radial distance, D is the dimension of the transverse space (in our case, 2), and s is the order of nonlinearity. Equation (7) 
JRI s+r drJ (8) for solutions B that are sufficiently smooth and satisfy B 0asr -, B,=O at r=0.
One can derive expression (8) by first moving the differentiation through the integral and using Eq. One can use Eq. (9) to predict collapse in the eye model. First, it should be noted that collapse in Eq. (6) occurs when H < 0. We assume a Gaussian profile in the transverse direction and replace the structure in the direction of propagation with the envelope maximum B:
Here w is related to the apparent width of the beam in the transverse direction. Using this beam structure, we have
which implies that collapse in Eq. (6) occurs when 8 < w2lBl2. 
In terms of the physical traveling variable z = = 2,3 0 T,
Since B was rescaled as
Powell et al. (9) Using Eq. (2) and relation (10), we find that beam collapse occurs when This quantity gives the distance to beam collapse in the traveling frame
trum. Here we have used T = 100 fs, w = 10 ,um, n2 = 5 x 10-24 V 2 /m 2 , the approximate nonlinear coefficient of water, and E = 60 ,tJ for the pulse energy.
A slice perpendicular to the beam axis is plotted in Fig. 3 in terms of contours of intensity. After propagation over only 50 ,um the size of the peak electric field has quintupled, as we can see in Fig This calculation gives a critical energy prediction Consequently, the virial theorem predicts that 2-D collapse can occur on length scales comparable with the dimensions, 6f the human eye.
In fact, the above estimate for distance to collapse is misleading. Figure 2 is a longitudinal section of Eq. (1) , which puts the center of the pulse above the critical intensity for collapse. peak intensity (Fig. 5 ) reveals that nonlinear focusing has catastrophically reduced the beam area after propagation over this short distance. Thus, although the focusing of a beam just at the critical energy is relatively leisurely, the nonlinear effects become immense over short propagation distances as the energy increases.
INFLUENCE OF DEBYE RELAXATION
The NLS equation assumes that the medium (vitreous humor) responds instantaneously to the pulse. However, for ultrashort pulses the pulse duration T, may be of the same order as that of the material response time 
of collapse, while those in front cannot. Consequently, contours in front of the pulse will diffuse away from the beam axis, while all the contours behind the collapse will feel the increased local intensities. The energy in the pulse will therefore focus into an intense region pinched for some distance along the z axis, like a funnel, as depicted in Fig. 8 . The 2-D collapse, by contrast, should produce a more hourglass-shaped set of contours.
The effects of this filamentation on damage are critical. While the 2-D collapse will deliver extremely high intensities per area only for the portion of the pulse at the narrowest portion of the hourglass, the collapse with material response will deliver these high intensities per area for the whole of the pinched part of the funnel. Moreover, after a 2-D collapsing event, the energy radiates. Thus, if 2-D collapse completely occurs in a pulse, energy will be The collapse discussed in Section 2 was 2-D; the only 3-D structure came from the original z structure of the pulse, which provided different initial conditions for each 2-D collapse. However, the Debye equation (12) permits slices in x and y to influence one another; each slice feels the effect of the previous slices on the material but not its own effect. Therefore the collapse will take on a 3-D structure through the influence of the material response. 16, 17, 9 One of the important possible 3-D effects is filamentation of the incident pulse. Imagine an initial pulse whose contours in the (z, r) plane are elliptical, as in Fig. 6 . This figure depicts the initial condition of a 7.2-giJ pulse of 300-fs duration. Amplitude, chirp, and spectral data along the pulse are provided in Fig. 7 . If the energy in an r slice is sufficient to induce collapse, these contours will start to pinch toward the waist of the beam. However, slices behind the collapsing region will also feel the effects 300-fs duration are depicted in Fig. 10 . Note, in particular, the asymmetric power spectrum, as predicted in radiated and diffused in the collapsed slice. Consequently, only the precollapsed portions of the pulse can be involved in damage during 2-D collapse. With the material response, however, the energy of the pulse is continually referred backward along the pulse, and collapse is delayed, which consequently ensures the existence of an intense filament somewhere along the pulse for a much longer time. As Fig. 9 shows, this results in a spear of light along the axis of the beam, a long and superintense filament of light. Between filamentation (the formation of an intense lozenge along the pulse axis) and delay of collapse, it is possible that delayed material response could produce a much more damaging, weakly 3-D type of beam collapse. The final spectral data for the 7.2-gJ pulse of the original pulse. This pulse is specified as in Eq. (1) (15) where w(z -zO) is the standard deviation of the slice located at z -z after propagation over a distance z and A(z -z) is the peak amplitude in the same slice. Furthermore, since energy is conserved in each slice, we may write
Equation (14) and relation (15) permit us to write 2 )A --yat 2 A -f3 0 2 2(n 2 /n,)AIAI 2 ,
where and << 1. In Eq. (13) we have changed to a traveling frame of reference. So long as derivatives in t remain small, removing the dispersive term from Eq. (13) is completely justified. However, as we saw in Section 2, a side effect of 2-D collapse is the production of intense gradients in the direction of propagation, which may make dispersion important. In fact, it seems possible that energy from collapse transverse to the beam axis may be radiated forward and backward along the beam axis, which potentially creates a balance between collapse and radiation.
We assume that initially lvi << 1 and that the temporal gradients are initially of the same size as that of transverse gradients. Then each (x,y) cross section is independent at leading order and obeys the 2-D NLS equation. From Section 2 we know that
where z is the distance over which the pulse has propagated and H(zo) and V(zO) are, respectively, the Hamilto- (19), we find that
Here we have kept only the terms that correspond to the worst singular growth, neglecting terms of order 1 (and abandoning dimensional correctness for the sake of brevity). Hence Using relations (16) and (17) From relation (18) it is easy to see that
Substituting into the above expressions for the contraction of w(z -z) and the growth of A(z -z), we find that the radial derivatives of the field grow as
In other words, the balance between frequency renormalization and diffraction effects will remain larger than dispersion well into beam collapse. If the effects of 643.5 dispersion are initially small (i << 1), the 2-D aspects of collapse are dominant. Once the gradients in the direction of beam propagation intensify and become strongly singular, our assumption regarding energy conservation lse after a in each slice can be violated.
If iY is not initially small, either of two characteristic phenomena can occur, depending on the sign of y. First, consider the case y < 0. The effect of second derivatives growth of in t opposes collapse in the transverse direction by dispersing (x, y)-focused energy in the direction of propagation. However, what this effect can do is to promote filamentation. Effectively, dispersion in t will tend to spread out
the energy until the derivatives in t become negligible. Thus, rather than collapsing at only one point, the dispersive effects will force collapse along some portion of the beam axis. Moreover, the length of the filament will (18) grow to include the whole portion of the pulse that is capable of collapse. As we discussed in Section 3, this filament produces a spear of light, which is capable of greater damage than that of a 2-D collapsing pulse.
The case y > 0 may be even more intriguing. A recent , (19) study by Kosmatov et al.' 4 has shown that fully 3-D collapse results in a superintense, stable, burning spot. Un-like the various 2-D versions of collapse and filamentation, which may be damaging but which are forced to dissipate energy after collapse has occurred, a burning spot can continue to focus and suck up energy. This is the optical analog of a black hole: a white hole of superintense energy that will propagate until something absorbs its energy or the physics breaks down. If y > 0, the pulse can become a true light bullet, 2 ' with all its energy contained in a spot with characteristic size of a wavelength. If such a collapse could occur, it would be the most damaging of all, since all the pulse's energy would be concentrated into a spot of wavelength dimensions.
EXPERIMENTAL POSSIBILITIES
Given the obvious physical limitations of the conventional collapse models, it is clear that there are many possible situations that could contribute to damage in ocular media. Before assessments can be made of the contributions of other physical mechanisms, such as stimulated scattering, strong spectrally selective absorption, and nonquadratic dispersion as a result of superbroadening, a number of careful experiments are required for determination of the basic physical parameters for pulse propagation. Reliable linear absorption and refractive index data appear to be available for water over the relevant spectral regions, although not for vitreous humor. A key experimental requirement is a reliable measure of both the sign and the magnitude of the effective nonlinear coefficient n 2 for relevant media. Recent experiments with the Zscan technique 22 have provided good first estimates for these quantities at 532 and 1064 nm for water and vitreous humor, respectively. Careful experiments in water for pulses that range in duration from nanoseconds down to femtoseconds will provide invaluable information for theoretical validation and model development. Realistically, the various collapse events discussed here will depend sensitively on the frequency chirp and the phase front along and across the input pulse profile. A proper characterization of the output pulse form from a modelocked laser is therefore essential before reliable statements can be made about the transmitted pulse.
Physical experiments can also differentiate among 2-D collapse, filamentation, and 3-D collapse. For example, if collapse remains essentially 2-D, the intensity per area delivered at the back of a cell will scale simply with its length and will reflect the initial pulse shape. The peak intensity will occur from an (x, y) slice that has collapsed just as it reaches the end of its propagation. Slices that collapsed earlier will have already radiated their energy, while uncollapsed slices will be less intense. But there is only so much energy in each slice, and consequently a graph of power versus length of cell should have a characteristic shape related to the structure of the original pulse.
If a 3-D burning spot forms, on the other hand, the intensity delivered should be independent of distance traveled after some point or should decrease only as a result of material absorption, which can be quantified. The defining characteristic of a burning spot is that it is stable and does not radiate its energy-it shrinks only because energy is absorbed. If, on a logarithmic scale, energy per area versus distance traveled is a line, this shape will be a strong indication that a burning spot has formed.
To determine whether a weakly 3-D collapse is occurring in accordance with some Debye relaxation model, one must investigate the experimental power spectrum. As Fig. 10 illustrates, the effect of delayed material response is to induce a Stokes shift (to lower frequencies) in the power spectrum.' 9 This shift is distinctive, and, in fact, by correlating the degree of asymmetry with the distance the pulse has propagated, we should be able to extract an estimate for the material delay Tm. On the other hand, if the power spectrum reveals an anti-Stokes shift, we know that the simple NLS model for nonlinear behavior is incorrect, and the effects of self-steepening must be included.' 9 Numerically, we are beginning to investigate the interaction among 2-D collapse dispersion, self-steepening, and the time delay resulting from electronic, reorientational, or Raman response for short to ultrashort pulses. This investigation will permit us to determine whether filamentation due to the delay is possible, in which parameter regimes it occurs, and what possible characteristics one can use to differentiate experimentally this sort of selffocusing from purely 2-D and 3-D collapses. We can also begin to examine the balance between material absorption and the creation of burning spots; how robust are these structures to absorption and to time delay? It is hoped that with interaction among theory, numerical experiments, and physical experiments, we can understand precisely what damaging propagation mechanisms exist in the eye.
APPENDIX A: NUMERICAL METHODOLOGY
A major portion of our eye-research effort at the University of Arizona has involved the development of a robust numerical algorithm that solves the NLS equation in multiple dimensions with a material delay. To complicate matters, as the experimentalists at Brooks Air Force Base have demonstrated, the eye has a nontrivial absorption structure. Each wavelength of light is absorbed differently, and since ultrashort pulses generate a spectral supercontinuum, wavelength-dependent absorption will strongly influence the structure of the pulse. Therefore the minimal physical equations for beam collapse in the human eye are
Here &(t -t') = f D a(c)exp[iwo(t -t')]dw, where a(wo) is the experimentally measured, wave-number-dependent absorption spectrum of the vitreous humor.
We have chosen a split-step philosophy for solving the system of equations (Al) and (A2). The approach is simple; solve all the linear parts of Eqs. (Al) and (A2) by a Fourier transform (FT) in space, then solve the nonlinear portion by an appropriate nonlinear method (here a semianalytic method works, as described below). When it is implemented in the order nonlinear (Az/2), linear (At or Az), nonlinear (Az/2), where the increment each step is in parentheses, this method gives an accuracy of order (AZ3). 2 3 Since we must carry out a FT to evaluate absorption anyway [owing to the convolution on the right-hand side of Eq. (Al)], no efficiency will be lost if we use a fast FT (FFT) instead of finite differences.
Equations (Al) and (A2) have four independent variables, x, y, z, and t, which Require a numerical array of three dimensions and iteration in time. Moreover, since the pulse propagates in z at a speed of cg while the material variable N is stationary, it would seem that the computational domain must be much longer than the pulse. However, we may change variables into a frame of reference that travels with the pulse,
and rescale the field variable as
These transformations simplify Eqs. (Al) and (A2) to
respectively. Equation (A4) may be solved by integration across characteristics:
Assuming that IAl 2 is constant between 7) and 7 -Aq gives
In terms of laboratory coordinates,
7)= z-Cgt 71-A7= z-Cg(t -At),
and therefore A-q = -cgAt. If we require that cgAt = Az, so that grid points always fall on characteristics, then A-q = -Az. This method of analytically solving the Debye equation (A4) will produce errors of order Az 2 . However, as we will discuss below, a stability requirement gives Az -Ax 2 , so that this method produces errors of order and (A4) in this way is that now we need to carry only enough data in z to resolve the pulse in its own frame of reference. Otherwise, we must resolve not only the pulse but also the entire domain through which it propagates. The stability/accuracy criterion for this method is that the phase change per half-step (z/2) be less than vr/2, or AzN(z) < 27r.
There will be a consequent limit on the maximal intensity, which is realistic in the numerical simulation: JAImax 2 < no7r/n 2 AZ* Thus, for a given grid spacing, only a certain peak amplitude can be resolved with this method. Above this amplitude, inaccuracy and instability will occur, and we must watch for excessive focusing. With the inclusion of a realistic absorption spectrum, however, this task should be no trouble. 2. am+l(j, k, n) = P(j, k, n)a m (j, k, n). Practically, this solution by means of the FT imposes a stability/accuracy constraint analogous to the constraint on the nonlinear evolution step. The phase change per (Az) step should be less than ir/2, or maxlP(j, k, n) < 7/2. j, k, n By far the most restrictive portion of this contraint is the condition imposed on the wave numbers in the x and y directions,
